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234 SOLUTIONS OF PROBLEMS. 

To evaluate fn(x), let us use the notations 

(x)= 1 for x > 0, +(x) =-1 for x < 0, cp7(x) = x"(x). 

The function +(x) is discontinuous but integrable. Since Jf ck(x)dx = pi(a), therefore, 

J (x)dx = +1(A) -,(a). In like manner, -Ja 

. ,(x)dx - r+1 
Now 

fd (x) 2c (x - a l) - 4(x -bi)} 
Hence, 

,fx-a2f fi(x)=1fxaf)d 
C2 X-b2 

= 2c1 {1(X - a1 - a) - (x- a - b2) - (x- a2- b) + i(x - b- b2)}. 

We thus obtain by induction 

f.(x) = 1 
. C,, -1 2(- 1) k n-1(x - al -2 - 

- 

2 
n), 

where, in the course of the summation, each of the letters a, ,B, ** , k is taken to represent either 
a or b independently of the others, and k is the number of them standing for b in any term. 

The probability that the sum lies between a and b is then 

(1) j fbf(x)dxl -f4)d = c I 2;(- )k ,(W - -l Kn)j 

where w stands for a or b, and if it is b it is counted in k'. 
We may modify the formula (1) as follows: If a is greater than bi + b2 + * + bn (b > a, 

br > ar), the probability is zero. But the o 's now reduce to nth powers. Hence, 

1 1(- )k'1l(c - a, Kn n = 0 
2clc ... cn In2 

for all values of a and b beyond certain limits, and is therefore identically zero. On adding this 
zero quantity to the right-hand side of (1) we cause all the 4,,'s which are not mere nth powers 
to cancel, and double the others. 

Hence, the probability is 

the sum o c g 
. .. -2( 1)l( a, 

- 

Kn )n, 

the summation covering all the cases where X - aci - -kn is positive. 
It is easy to deduce for the special case propounded that the probability is 

s{n 1)n+ Ci(s 2 )? + +(-)rn+Cr(s+ 2 r)}, 

where r is the next integer below s + (n + 1)/2, and s may be any real number. 

GEOMETRY. 
Solutions of 497 were received from J. B. Reynolds, Elijah Swift, R. M. Mathews, and H. R 

Howard after selections for publication were made. 

498. Proposed by FRANK B. MORRIS, Glendale, California. 
To trisect an angle ABC, on BA and BC take D and E equidistant from B. Using DE as a 

diameter draw the semicircle DFGE. With the same radius and D and E as centers draw arcs 
locating the points F and G on this semicircle. Connect F and G with B. Prove that this 
method trisects a right angle and a straight angle and that it does not trisect an oblique angle. 
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SOLUTION BY ROGER A. JOHNSON, Western Reserve University. 
Let x = z EBG = L FBD, y = z GBF, and a= Z EBD. Then Z BDF= 1500 -cal2, 

and L BGF = 900 - y/2. Applying the law of sines, 

sinx FD siny GF 

sin (150_c) BF2 sin (90o )BF' 
whence 

sin x sin (150?-2 ( 
sin y sin (90-Y 

Now in order that x = y, we must have either 

1500 - = 90 Y (a) 
or 

150?0 _ a 1800(900 ). (b) 

Letting y = acr3, we obtain (a) a = 1800, (b) a = 900, as the only values of a for which 
this construction effects the trisection. Conversely, it is very easily seen directly that either a 
right angle or a straight angle is actually trisected. 

To determine roughly the magnitifde of the error for angles in general, we may safely replace 
sin (900 - y/2) by sin (900 - a/6); we have then 

sinS x sin (300 + 2(2 

( )~~~~~~~~~~~~~2 sny sin(900-j 

For small angles, the construction is far from accurate; in fact, 
sin x sin 30? 1 lim. 

a=O sin y sin 90 2' 
so that if a is small, it is divided approximately in fourths. We find roughly, when a = 300, 
60?, 900, 1200, 150?, and 1800, (sin x)/(sin y) = .710, .879, 1.000, 1.064, 1.066, and 1.000, respec- 
tively. Again, by setting x = a/2 - y/2 in (1) and solving for y/2, we find 

cot Y= 2 cot 
c 

+ d; 2 ~ 
w hience we may compute the value of y corresponding to any value of a. For example, if a = 100, 
y = 40 40' and x = 20 40'; if a = 600, y = 210 46' and x = 190 7'; if a = 135?, y = 420 41' 
and x = 460 10'. 

Also solved by HORACE OLSON. 

500. Proposed by R. T. MCGREGOR, Bangor, California. 
OABC, OA'B'C' are two straight lines such that AA', BB', CC' are parallel. AB', A'C 

meet in P; A'B and AC' meet in Q. Show by synthetic projective geometry that PQ is parallel 
to AA'. Milne's Projective Geometry, Chap. I, Ex. 20. 

SOLUTION BY CLARIBEL KENDALL, University of B 
Colorado. A 

Consider A, B, C as the first, third and fifth sides, respec- 0 
tively of a hexagon; and A', B', C' as the fourth, second, and sixth A' B' C' 
sides, respectively, of the same hexagon. (12), (45); (34), (61) 
meet in P and Q, respectively; hence, (23), (56) must meet in a point collinear with P and Q. 
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